PROBABILITY AND STATISTICS, A24, FINAL EXAMINATION

Name: Student number

(1) (3 marks) Morin-Heights is a tourist village known for its outdoor activi-
ties. A sample of 417 visitors to Morin Heights during January showed that
the average daily spending in the village was 87.40$ with a sample standard
deviation of 33.60$. Construct a 90% confidence interval and also a 98% confi-
dence interval for the average daily expenditure. Comment on the interaction
between confidence and precision in interval estimates for the mean.
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(2) (3 marks) The management of Sommet Morin-Heights estimates that the
average time skiers spend on the hill is 3 hours and 40 minutes with a standard
deviation of 1 hour and 20 minutes. Hanah has collected a sample of 23
skiing times. The sample standard deviation for the time spent on the hill is
1 hour and 5 minutes. Assume the times on the hill are normally distributed.
Test the management’s claim on the population standard deviation with an
alternative hypothesis that the standard deviation is less than what they
assert. Be sure to include bounds for the p-value. Does this sample contradict
the management’s claim?
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(3) (3 marks) Morin-Heights is also the starting point for Corridor Aérobique
which during the winter months is a 58km long cross-country skiing trail.
Yvan & Co. ski on this trail frequently. The distance covered during these
excursions is well-modelled by a random variable with a probability density

function
(x—12)2/1152 12<zx <24
flz) = 9/(x—12)2 24 < x < 48
0 otherwise

a) Find the cumulative distribution function of the distance covered.
b) Sketch the graph of the cumulative distribution function.

¢) Find the ninety-eighth percentile, Pyg, of the distance covered.

d) (Bonus 1 mark) Determine the average distance covered.
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(4) (3 marks) The air temperature at the start of the cross-country skiing for six
outings last January was

—-5.4C° —8.6C° —10.3C° —25C° —3.7C° —8.5C°

Assume that the starting air temperature is normally distributed.

a) Construct a 95% confidence upper bound for the population mean. Does
your result indicate that the population average starting temperature is neg-
ative with 95% confidence?

b) Construct a 95% confidence interval for the population standard devia-
tion.



PROBABILITY AND STATISTICS, A24, FINAL EXAMINATION 5

(5) (3 marks) Somehow visits to Morin-Heights tend to end up in one of the
local eateries. One highly rated choice is Brasserie Anorak. 459 recent diners
at Anorak have filled out a survey and have obtained a tombola ticket in
return. 48 of these diners have ordered Texas-style beef brisket. Consider
the probability, P, that amongst the 12 randomly selected diners who hold
winning tombola tickets, two or three have ordered the beef brisket.

i) Compute P.
ii) Estimate P using Poisson approximation.
iii) Estimate P using Gaussian approximation.
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(6) (3 marks) Up Route 329 from Morin-Heights is Saint-Adolphe-d’Howard
which has its own ski hill - Mont Avalanche. The management of Mont
Avalanche claims that on average skiers spend 4 hours on the hill with a
standard deviation of 45 minutes. Diana has collected a sample of 42 skier
times on the hill. The sample average is 3 hours and 40 minutes. Assume
the times on the hill are normally distributed.

i) Using Diana’s sample, test the claim for the population mean: Hy : u =4
versus H; : pu # 4. Report a p-value and draw a conclusion in the context of
the problem.

ii) What is the power of this test to discriminate a true population average

time on Mont Avalanche of 3 hours and 30 minutes from the claimed time of
4 hours?
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(7) (3 marks) The village Saint-Adolphe-d’Howard is built around Lac-Saint-
Joseph. During the winter months, Lac Saint-Joseph is a popular destination
for ice fishing. Many species of fish that can be caught through the ice,
including yellow perch, walleye, pike, and trout. On a sunny winter day, a
group of anglers on the lake ice are catching perch at the rate of 5 per hour.
Another group is independently catching trout at the rate of 2 per hour.

a) What is the probability that the perch anglers will catch 12 perch in the
next two hours?

b) What is the probability that the trout anglers will take less than half
an hour to catch 3 trout?

c) What is the probability that either the perch anglers will catch three
fish or that the trout anglers will catch two fish in less than half an hour?
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(8) (3 marks) Just north of Saint-Adolphe-d’Howard is a luxurious chalet named
Les Scandaleaux. Based on historical ratings the following table gives the
probability distribution for Google ratings given by guests of Les Scandaleaux.

Rating: z [1 2 3 4 5
P(z) |0 0.02 0.13 0.32 0.53
i) Compute the average rating and the standard deviation.
ii) Stephane, the chalet keeper, gets a Christmas bonus if the average of
the last 50 Google ratings exceeds 4. Estimate the probability that Stephane
will get a Christmas bonus.
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(9) (3 marks) Further north from Saint-Adolphe-d’Howard on Route 329 is the
'big’ town of Sainte-Agathe-des-Monts. There are two restaurants on rue St
Vincent in Sainte-Agathe-des-Monts. A sample of n; = 32 diners at restau-
rant Maison 1890 had an average bill of Z; = 101$ with a standard deviation
of s1 = 49%, and a sample of ny, = 64 diners at restaurant Mikael had an
average bill of Ty = 32$ with a standard deviation of sy = 11$. Assume the
populations are normally distributed.

a) Implement a test of the hypothesis Hy : 07 = 09 versus Hy : 01 > 0y
at a = 0.05 level of significance. Make sure to report a range for the p-value
and draw a conclusion in the context of the problem.

b) Implement a test of the hypothesis Hy : 11 = g versus Hy : g > o at
a = 0.05 level of significance. Make sure to report a range p-value and draw
a conclusion in the context of the problem.
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(10) (3 marks) Lac-des-Sables is the heart of Sainte-Agathe-des-Monts. During
the winter months, the time spent skating on the frozen lake by visitors is
well modelled by the random variable X with pdf p(z) = 25/(482%), 0.5 <
xr < 2.5, where x is in hours. Say, the amount of hot chocolate visitors
buy at Couleur Café Signature after their skate is Y = X?2, where Y is in
hundreds of milliliters. Check the "Theorem of the Unconscious Statistian’
on this example. Determine F(X?) in two ways:

a) Without finding the pdf of Y = X2
b) By first computing the pdf of Y = X2
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(11) (3 marks) Further north is the village of Sainte-Lucie-des-Laurentides. Sainte-
Lucie has two depanneurs. For a randomly selected resident, let X be the
number of weekly trips to the first depanneur and Y be the number of weekly
trips to the second depanneur. Suppose that the joint pmf of X and Y is
given by the accompanying table:

Y
plz,y)] 0 1 2
0 [0.06 0.03 0.01
X 1 [020 0.18 0.12
2 10.15 0.14 0.11

a) Compute the marginal probability distributions of X and Y.

b) Compute the conditional probability mass function of Y given that
X =1

¢) Compute the conditional mean of ¥ given X = 1. Write a sentence in
English interpreting your findings.

d) Compute the correlation between the RV’s X and Y. Interpret the value
in the context of the problem.
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(12) (3 marks) Sainte-Lucie is a popular starting location for a moderately chal-
lenging hike to Mont Kaaikop. There are two trails from Sainte-Lucie to Mont
Kaaikop: Western and Eastern. It has been disputed for decades in Sainte-
Lucie which trail is longer. Finally, a statistical savant collected samples of
times to track from the village to the top of the mountain and computed the
following sample averages: Western trail: z; = 293min in ny = 22 tracks;
Eastern trail: o = 301min in ny = 25 tracks. Assuming the tracking times
are normally distributed with population standard deviations of o1 = 09 = 9
minutes, test the hypothesis that the Eastern trail takes longer to traverse
than the Western trail at the a = 0.01 level of significance. Report the
p-value. Conclude in the context of the problem.



