Linear Algebra — Class Exercise 11

The Inversion Algorithm: Singular Matrices and Equivalent Statements
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1. Show that C' = |3 1 4| is singular, and read off from the right half a combination of its rows that

5 —1 8
gives zero.

Solution. Row-reduce [C | I']:
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The left half has a row of zeros, so it cannot become I3: C' is singular, with rank(C) = 2.

The right half of the zero row records what was done to the rows of C: —2(row 1) — (row 2)+ (row 3) = 0,
i.e. row 3 = 2(row 1) +row 2. Check: 2(1,—1,2) + (3,1,4) = (5,—1,8) V.

110
. Show that M = |1 0 c¢| is invertible for every real number c.
0 ¢ 1

Solution. Reduce the left half (the right half is not needed to decide invertibility). Ry — Ro — Ry gives
the row (0, —1,c); then R3 — R3 + cRg gives

(0, ¢, 1) +¢(0, =1, ¢) = (0, 0, 1+ ¢c?).
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So the forward phase ends with [0 —1 c . Since 1 4+ ¢ > 1 > 0 for every real ¢, the third pivot
0 0 1+c]
is never zero. There are always three pivots, so rank(M) = 3 and M is invertible, whatever c is.

. Solve AX = B by reducing [ A | B], where A = 3 1} and B = [
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Solution. Reduce [A | B], choosing operations that avoid fractions:
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The left half is I, so the right half is A~!B:
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Check: AX_[O—i—Q 546 5_2]_[2 L 3

|-5v.

1



4. True or false? Justify, or give a counterexample.

(a) If Ais 3 x 3 and some system Ax = b has two different solutions, then A is singular.

(b) If A is square and Ax = b is consistent for one particular b, then A is invertible.

Solution.

(a) True. If A were invertible, then Ax = b would have exactly one solution for every b (namely
x = A~'b). Two different solutions are therefore impossible, so A is singular.
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(b) False. Take A = [O 8} and b = [0] The system is consistent (x = (1,0) is a solution), but A
has a zero row, so it is singular. Invertibility needs the system to be consistent for every b, not just
one.



