








DIFERENTIAL EQUATIONS, MATRIX EXPONENT

Consider the system of linear DE’s

x′ = Ax, A =

(
2 3
2 1

)
.

i) Compute the fundamental matrix Φ(t) = eAt.
ii) Solve this system with the initial conditions

x(0) =

(
−1
2

)
.

Solution: Start by computing the eigenvalue - eigenvector pairs:

det

(
2 − λ 3

2 1 − λ

)
= (λ− 4)(λ+ 1)

λ1 = 4, ξ(1) =

(
3
2

)
, λ2 = −1, ξ(2) =

(
1
−1

)
The matirx of eigenvectors is

T =

(
3 1
2 −1

)
The matrix exponential is

eAt = TQ(t)T−1 =

(
3 1
2 −1

)(
e4t 0

0 e−t

)(
3 1
2 −1

)−1
=

1

5

(
3e4t + 2e−t 3e4t − 3e−t

2e4t − 2e−t 2e4t + 3e−t

)
The solution satisfying the given initial conditions is

x(t) = eAtx(0) =
1

5

(
3e4t + 2e−t 3e4t − 3e−t

2e4t − 2e−t 2e4t + 3e−t

)(
−1
2

)
=

1

5

(
3e4t − 8e−t

2e4t + 8e−t

)



DIFERENTIAL EQUATIONS, FUNCTION OF A MATRIX

For the matrix

A =

(
2 3
2 1

)
compute sin

(
π
4
A
)
.

Solution: For any diagonalizable matrix A

A = TDT−1, D = diag{λ1, . . . , λn}
and any analytical function f(x) we have by definition

f(A) = Tf(D)T−1 = T diag{f(λ1), . . . , f(λn)} T−1

The function is implemented on the eigenvalues.
The eigenvalue - eigenvector pairs are:

λ1 = 4, ξ(1) =

(
3
2

)
, λ2 = −1, ξ(2) =

(
1
−1

)
The matirx of eigenvectors is

T =

(
3 1
2 −1

)
We have

sin
(π

4
A
)

= Tf(D)T−1 =

(
3 1
2 −1

)(
sin

(
4π
4

)
0

0 sin
(−π

4

) )(
3 1
2 −1

)−1
= Tf(D)T−1 =

(
3 1
2 −1

)(
0 0
0 − 1√

2

)(
3 1
2 −1

)−1
=

1

5
√

2

(
−2 3

2 −3

)
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