






DIFERENTIAL EQUATIONS, REPEATED EIGENVALUES

Solve the initial value problem

x′ =

 1 0 0
−4 1 0

3 6 2

x, x(0) =

 −1
2
30


Solution:

det(A− λI) =

 1− λ 0 0
−4 1− λ 0

3 6 2− λ

 = −(λ− 1)2(λ− 2)

λ1 = λ2 = 1, λ3 = 2

Next we find the eigenvectors

λ = 1,

 0 0 0 0
−4 0 0 0

3 6 1 0

→
 1 0 0 0

0 1 1/6 0
0 0 0 0

 , ξ1 =

 0
−1
6


The second eigenvector is ’missing’, so we will solve for a generalized eigenvector

(A−λ1I)η = ξ1,

 0 0 0 0
−4 0 0 −1

3 6 1 6

→
 1 0 0 1/4

0 1 1/6 7/8
0 0 0 0

 , η =

 1/4
7/8
0

+sξ1

Ignoring the term in η proportional to ξ1 we have

η =

 1/4
7/8
0


For the third eigenvalue we have

λ = 2,

 −1 0 0 0
−4 −1 0 0

3 6 0 0

→
 1 0 0 0

0 1 0 0
0 0 0 0

 , ξ3 =

 0
0
1


The general solution is

x(t) = c1e
λ1tξ1 + c2[te

λ1tξ1 + eλ1tη] + c3e
λ3tξ3
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x(t) = c1e
t

 0
−1
6

 + c2

tet
 0
−1
6

 + et

 1/4
7/8
0

 + c3e
2t

 0
0
1


To satisfy the initial conditions we solve

x(0) = c1

 0
−1
6

 + c2

 1/4
7/8
0

 + c3

 0
0
1

 =

 −1
2
30


c1 = −11/2, c2 = −4, c3 = 3

Substituting the coefficients back in the general solution we get

x(t) = −11

2
et

 0
−1
6

− 4

tet
 0
−1
6

 + et

 1/4
7/8
0

 + 3e2t

 0
0
1


After a simplification

x(t) = et

 −1
2
−33

 + tet

 0
−4
24

 + e2t

 0
0
3
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