








DIFERENTIAL EQUATIONS, DIAGONALIZATION

Solve the initial value problem

x′ =

(
2 −3
1 −2

)
x +

(
e2t

1

)
, x(0) =

(
−1
0

)
Solution:

det(A− λI) =

(
2− λ −3

1 −2− λ

)
= (λ− 1)(λ+ 1)

λ1 = 1, λ2 = −1

Next we find the eigenvectors

λ1 = 1,

(
1 −3 0
1 −3 0

)
→

(
1 −3 0
0 0 0

)
⇒ ξ1 =

(
3
1

)
λ2 = −1,

(
3 −3 0
1 −1 0

)
→

(
1 −1 0
0 0 0

)
⇒ ξ2 =

(
1
1

)
The matrix of eigenvectors and its inverse are

T =

(
3 1
1 1

)
, T−1 =

1

2

(
1 −1
−1 3

)
After the cahnge of variables x = Ty

y′ = Dy + T−1g(t) =

(
1 0
0 −1

)
y +

1

2

(
1 −1
−1 3

)(
e2t

1

)
The equations for the components of y and their soultions are

y′1 = y1 +
e2t

2
− 1

2
⇒ y1 =

e2t

2
+

1

2
+ c1e

t

y′2 = −y2 −
e2t

2
+

3

2
⇒ y2 = −e

2t

6
+

3

2
+ c2e

−t

The solution in the original variables is given by

x(t) = Ty(t) =

(
3 1
1 1

)(
e2t

2
+ 1

2
+ c1e

t

y2 = − e2t

6
+ 3

2
+ c2e

−t

)
x(t) =

(
3c1e

t + c2e
−t + 4

3
e2t + 3

c1e
t + c2e

−t + 1
3
e2t + 2

)



2 DIFERENTIAL EQUATIONS, DIAGONALIZATION

The initial conditions settle the values of c1 and c2

x(0) =

(
3c1 + c2 + 4

3
+ 3

c1 + c2 + 1
3

+ 2

)
=

(
−1
0

)
⇒ c1 = −3

2
c2 = −5

6
Substituting these values we have the solution of the IVP

x(t) =

(
−9

2
et − 5

6
e−t + 4

3
e2t + 3

−3
2
et − 5

6
e−t + 1

3
e2t + 2

)



DIFERENTIAL EQUATIONS, VARIATION OF PARAMETERS

Solve the initial value problem

x′ =

(
2 −3
1 −2

)
x +

(
e2t

1

)
, x(0) =

(
−1
0

)
Solution:

det(A− λI) =

(
2− λ −3

1 −2− λ

)
= (λ− 1)(λ+ 1)

λ1 = 1, λ2 = −1

Next we find the eigenvectors

λ1 = 1,

(
1 −3 0
1 −3 0

)
→
(

1 −3 0
0 0 0

)
⇒ ξ1 =

(
3
1

)
λ2 = −1,

(
3 −3 0
1 −1 0

)
→
(

1 −1 0
0 0 0

)
⇒ ξ2 =

(
1
1

)
A fundamental matrix is

Ψ(t) =

(
3et e−t

et e−t

)
Its inverse is

Ψ−1(t) =
1

2

(
e−t −e−t
−et 3et

)
The solution is given by

x(t) = Ψ(t)Ψ−1(0)x(0) + Ψ(t)

∫ t

0

Ψ−1(s)g(s) ds

=

(
3et e−t

et e−t

)
1

2

(
1 −1
−1 3

)(
−1
0

)
+

(
3et e−t

et e−t

)∫ t

0

1

2

(
e−s −e−s
−es 3es

)(
e2s

1

)
ds

=
1

2

(
−3et + e−t

−et + e−t

)
+

(
3et e−t

et e−t

)(
1
2
et + 1

2
e−t − 1

3
2
et − 1

6
e3t − 4

3

)

x(t) =

(
−9

2
et − 5

6
e−t + 4

3
e2t + 3

−3
2
et − 5

6
e−t + 1

3
e2t + 2

)
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