§21. Moment Generating Func-
tions

Definition 1
Let X be a random variable. The nt* moment of X is E(XF)

E(X*) =) 2" p(z) if X is discrete.

E(X*) = / ¥ p(x) do if X is continuous

Example 1

E(X) this is the expected value.
E(X?) this is related to the variance.

Definition 2

The moment generating function of a random variable X is
Mx(t) = E(e™)
provided this expectation exists. Thus

Mx(t) = f<><> e p(x)dx (Uuique for X)

Mx (t) does indeed “generate” the moments of X:

My(t)= [ ep(a)de
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=f 1- p(x)dx+f tx~p(x)dx+f:%-p(x)dx+---
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In the moment generating function the coefficient of the n!* moment
k

t
E(X*) is o Notice that

Mx(0)=1  My(0)=E(X)  Mg(0)=E(X?),

Example 2
Let X ~ Uniform(0,1)

1 1 L) tk
Mx(t)= [ ¢ 1dr= (-1 =3 o
= B(xX*) = —
k+1
Indeed:
E(Xk)Zflxk-ld:r;: !
0 k+1

Example 3
Let X ~exp(\) ie. p(x)=Xe ™ | A>0

0o o )\ -
MX(t) = A el . oA o = )\ '/0 (=X .. — e(t-N)z .

Assume t < \

A

Mx(t) = 2500~ 1) = 2

~+

Example 4
Let X ~ N(0,1)

Mx(t) zef-\/—_ T3t gp - o MX(zf)zeé
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Notice that

21 (12\* 1 ’
MX(t)-1+§+§(§) +§(§) + ot

(2/f)

= F(X*) =0 for k odd ; E(XQ’“)— for k=1,2,3,.

Theorem 1

a. Mcx(t) = Mx(Ct)
b. MX+c(t) = €Cth(t) ;, CF 0
Proof.

a. Mqx(t) = f e p(x) da = [ (D% p(x) da = M,(ct)

b. M., x(t) = /oo @) p(x) da = e M, (t)

Corollary

X ~N(u,0) 3 X=p+Zo, Z~N(0,1)= |Mx(t)=

Example 5

2
M(x)=e Tt Identify the random variable.

Solution

(1)

Theorem 2

If X, Y are independent random variables, then

MX+y(t) = Mx(t) : My(t)
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Proof.

For independent random variables X and Y, P(X,Y)=P(x)P(y)

My ()= [~ [ ey dady= [ [ " erterp(a) ply) dody

- [Cetp@yde- [ e p(y)dy
= Mx(t) - My(t)

Example 6
Let X ~ N(-1,3) and Y ~ N(2,4) and X, Y independent.

Mx(t) = et*%
My(t) — 62t+¥
25¢2

MX+y(t):Mx(t)'My(t)=et+T = X+Y~N(1,5)

In general, let X ~ N(p,,0,), and Y ~ N(p,,0,) and X, Y -independent.

= . — H,’pt"’ﬁ . HyHﬁ _ um+uy+t2(vg+a§)
Mx,y(t) = Mx(t) - My(t) =e¢ = e s, :

B(X+Y)=E(X)+EY)
Var(X +Y) = Var(X) + Var(Y)



