
§21. Moment Generating Func-
tions

Definition 1

Let X be a random variable. The nth moment of X is E(Xk)

E(Xk) = ∑
x

xk p(x) if X is discrete.

E(Xk) = ∫

∞

−∞
xk p(x)dx if X is continuous

Example 1

E(X) this is the expected value.
E(X2) this is related to the variance.

Definition 2

The moment generating function of a random variable X is

MX(t) = E(e
tx)

provided this expectation exists. Thus

MX(t) = ∫
∞

−∞
etxp(x)dx (Uuique for X)

MX(t) does indeed “generate” the moments of X:

MX(t) = ∫
∞

−∞
etxp(x)dx

= ∫

∞

−∞
(1 + tx +

t2x2

2!
+
t3x3

3!
+⋯)p(x)dx

= ∫

∞

−∞
1 ⋅ p(x)dx + ∫

∞

−∞
tx ⋅ p(x)dx + ∫

∞

−∞
t2x2

2!
⋅ p(x)dx +⋯

=
∞
∑
k=0

tk

k!
E(Xk)
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In the moment generating function the coefficient of the nth moment

E(Xk) is
tk

k!
. Notice that

MX(0) = 1 M ′
X(0) = E(X) M ′′

X(0) = E(X
2), . . .

Example 2

Let X ∼ Uniform(0,1)

MX(t) = ∫
1

0
etx ⋅ 1dx =

1

t
(et − 1) =

∞
∑
k=0

tk

(k + 1)!

⇒ E(Xk) =
1

k + 1

Indeed:

E(Xk) = ∫

1

0
xk ⋅ 1dx =

1

k + 1

Example 3

Let X ∼ exp(λ) i.e. p(x) = λe−λx , λ > 0

MX(t) = ∫
∞

0
etx ⋅ e−λx dx = λ∫

∞

0
e(t−λ)x dx =

λ

t − λ
e(t−λ)x∣

∞
0

Assume t < λ

MX(t) =
λ

t − λ
(0 − 1) =

λ

λ − t

Example 4

Let X ∼ N(0,1)

MX(t) =
1
√
2π
∫

∞

−∞
etx ⋅ e−

x2

2 dx

tx −
x2

2
=
t2

2
−
1

2
(x − t)2

MX(t) = e
t2

2 ⋅
1
√
2π
∫

∞

−∞
e−

1
2
(x−t)2 dx = e

t2

2 MX(t) = e
t2

2

2
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Notice that

MX(t) = 1 +
t2

2
+

1

2!
(
t2

2
)

2

+
1

3!
(
t2

2
)

3

+⋯+

⇒ E(Xk) = 0 for k odd ; E(X2k) =
(2k)!

k!2k
for k = 1,2,3, . . .

Theorem 1

a. McX(t) =MX(ct)

b. MX+c(t) = ectMX(t) ; c ≠ 0

Proof.

a. McX(t) = ∫
∞

−∞
et(cx) p(x)dx = ∫

∞

−∞
e(ct)x p(x)dx =Mx(ct)

b. Mc+X(t) = ∫
∞

−∞
et(x+c) p(x)dx = etcMx(t)

Corollary

X ∼ N(µ,σ) ; X = µ +Zσ, Z ∼ N(0,1) ⇒ MX(t) = e
µt+σ2t2

2

Example 5

Mt(x) = e
3t
4
+ t2

3 Identify the random variable.

Solution

x ∼ N (34 ,
√

2
3)

Theorem 2

If X, Y are independent random variables, then

MX+Y (t) =MX(t) ⋅MY (t)
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Proof.

For independent random variables X and Y, P (X, Y ) = P (x)P (y)

MX+Y (t) = ∫
∞

−∞ ∫
∞

−∞
e(x+y)tp(x, y)dxdy = ∫

∞

−∞ ∫
∞

−∞
exteyt p(x)p(y)dxdy

= ∫

∞

−∞
ext p(x)dx ⋅ ∫

∞

−∞
eyt p(y)dy

=MX(t) ⋅MY (t)

Example 6

Let X ∼ N(−1,3) and Y ∼ N(2,4) and X, Y independent.

MX(t) = e
−t+ 9t2

2

MY (t) = e
2t+ 16t2

2

MX+Y (t) =MX(t) ⋅MY (t) = e
t+ 25t2

2 ⇒ X + Y ∼ N(1,5)

In general, letX ∼ N(µx, σx), and Y ∼ N(µy, σy) andX, Y −independent.

MX+Y (t) =MX(t) ⋅MY (t) = e
µxt+σ2

xt2

2 ⋅ eµyt+σ2
yt2

2 = eµx+µy+ t2(σ2
x+σ

2
y)

2

E(X + Y ) = E(X) +E(Y )

Var(X + Y ) = Var(X) +Var(Y )
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